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Abstract. The pion condensation and chiral phase transition are studied within the linear sigma
model with constituent quarks (LSMq). In the chiral limit the pion condensation is always the first-
order phase transition and the phase diagrams of the pion condensate are established respectively
in the (µ, T ), (µI , T ) and (µI , µ)-planes, here T, µ and µI are temperature, baryon chemical and
isospin chemical potentials. In the physical world, where the chiral symmetry is explicitly broken
we investigate systematically the phase structure of pion and chiral condensates in the (T−µ−µI)-
space. The obtained results are mainly compared to the existing data derived from the lattice QCD
(LQCD) and the Polyakov-loop extended Nambu-Jona-Lasinio (PNJL) model.
I. INTRODUCTION
It is known that the study of the phase structure of QCD turns out to be a very
hot subject attracted more and more attention, both experimentally and theoretically [1].
Many aspects of in-medium effects such as the chiral restoration at high baryon density, the
in-medium properties of hadrons, the pion condensation in dense matter and so on are of
special interest. The high energy heavy-ion collisions are presently the powerful machinery
to generate hot and dense hadronic matter, and, therefore, they create a good chance for
exploring the phase structure of QCD at extreme conditions. It is commonly accepted
that the chiral restoration phase transition accompanies the confinement-deconfinement
phase transition at the same critical temperature. The recent experimental data of RHIC,
collected for high-temperature and low-baryon density region, provide clear signals on
the confinement-deconfinement phase transition. This region is also one of the research
problems to be carried out at LHC. The experimental research in high-baryon density
region is planned to be implemented in the future heavy-ion collision experiments at
RHIC, FAIR and NICA.
The first principle calculations of lattice QCD at finite baryon density is rather
problematic due to the sign puzzle. In this respect, one has to invoke different effective
models to address this issue.
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We know that heavy nuclei can be considered as nuclear matter with finite isospin
density due to Coulomb interactions and the isospin-dependent quantities of isotopically
asymmetric nuclear matter, such as the in-medium nucleon-nucleon potential, the equa-
tions of state and, in particular, the nuclear symmetry energy plays very important role in
understanding a lot of interesting astrophysical problems [2]- [4], dynamics of heavy-ion re-
actions at intermediate energies [5]- [8], the structure of neutron-rich nuclei, and the nuclei
close to the drip-line [9]- [14]. Hence, dealing with QCD at finite isospin chemical potential
is of special significance, too. The LQCD simulations [15, 16] at finite isospin chemical
potential, finite temperature and low baryonic density were smoothly implemented and
conjectured that the charged pions condense at high isospin density and low temperature,
and also suggested that the transition to a Bose-Einstein condensed state coincides with
the deconfinement phase transition to quark-gluon plasma at low isospin chemical poten-
tial. The pion condensation and the related phase diagrams of two-flavor QCD have been
investigated by means of various QCD effective models: chiral perturbation theory [17]-
[19], NJL-type models [20]- [23], linear sigma model [24]. We are aware that, among
theories developed so far, the LQCD is the unique one based on first principle and the
PNJL model is an extended version of the NJL model which respects approximately both
mechanisms: chiral symmetry breaking and confinement. In this regard, perhaps, they
provide a guideline for all studies of the phase structure.
Nowadays, the holographic QCD [25] emerges as a promised theory that is hopeful
to explain satisfactorily all phenomena related to the non- perturbative region of QCD.
In the present paper the phase structure of hot quark matter at finite isospin chemi-
cal potential is studied systematically within the linear sigma model with two light quarks
and for not too high values of baryonic chemical potential, so the di-quark condensation
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piσ, (1)
where q, σ and ~π are respectively the field operators of quarks, sigma meson and pion; mpi
and fpi are respectively pion mass and pion decay constant in vacuum; µ and µI denote
the baryon and isospin chemical potentials, mq is current quark mass and ǫ = 0, 1.
The paper is structured as follows. In Section II the chiral restoration and the pion
condensation of the system (1) are considered, respectively, in the chiral limit and the
physical world. The conclusion and discussion are given in Section III.
II. CHIRAL RESTORATION AND PION CONDENSATION
























= v2, 〈π3〉 = 0.
Following the convention of choosing 〈π1〉 = v, 〈π2〉 = 0 the isospin symmetry is sponta-
neously broken and a Goldstone boson appears.





















with τ1 being the first component of the Pauli matrices.
The effective potential in one-loop approximation is derived directly from (2),
Ω(u, v) = −
T lnZ
V
= U(u, v) + Ωqq, (3)
in which
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. (4)
The energy spectrum is easily obtained
E =
√




µB is the baryon chemical potential.
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Eqs. (7) and (8) are exactly the gap equations which can be rewritten in another forms
after some analytical manipulations
∂Ωqq
∂u














nq(T, µ) + nq(T, µ)
E
. (10)
Based on the pressure P defined by
P = −Ω(u, v)
∣∣∣∣
taken at minimum









dkk2[nq(T, µ)− nq(T, µ)]. (12)
It is evident that the quark densities fulfill the equality
ρu + ρd = ρ.
In order to proceed to the numerical computation the values of the model parameters are
usually chosen as mq = 5.5 MeV, fpi = 93 MeV, mpi = 138 MeV, sigma mass mσ = 500
MeV and the coupling constant g is determined to be g = 3.3 by requiring that the mass
of constituent quarks mconstituent satisfies the equality
mconstituent =M(T = 0, µ = 0) = 313 MeV,
where
M = mq + gu.
Now we are ready to implement the numerical study in two different cases with the aid of
Mathematica [27]
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II.1. In chiral limit ǫ = 0






= v2 6= 0, 〈π3〉 = 0
and the chiral symmetry is explicitly broken down to O(2). Following the convention of
choosing the ground state to have 〈π1〉 = v, 〈π2〉 = 0, the O(2) symmetry is spontaneously
broken and therefore there exists only one gap equation related to the pion condensate v,
−µ2I +m








The ground state is a pion superfluid.
Starting from Eq.(13) we find respectively the following results:
1) The evolution of the pion condensate as a function of µ and µI at T = 100 MeV is
shown in Fig. 1(a), the transition to chirally symmetric phase is the first-order. At higher
temperature the order of the transition remains unchanged, while in the NJL model [22]
the phase transition becomes second-order for T = 150 MeV. From the phase diagrams
of the pion condensate at several values of temperature plotted in Fig. 2(a) it easily seen
that for T = 0, 100 MeV charged pions condense at any non-vanishing value of µI , that is
consistent with those calculated in the NJL model [20,22]. However, at T = 150 MeV the
pion condensation emerges only at µI = 348 MeV.
2) In Fig. 1(b) we show the pion condensate as a function of T and µI at µ = 100
MeV. The transition from the pion condensed phase to the chirally symmetric phase is the
first-order everywhere. The phase diagrams of the pion condensate in the (T, µI)-plane at
µ = 0, 150, 300 MeV are plotted in Fig. 2(b). All lines correspond to the first-order phase
transition.
(a) (b)
Fig. 1. The pion condensate in the chiral limit as a function: Fig. 1(a) of µ and
µI at T = 100 MeV and Fig. 1(b) of T and µI at µ = 100 MeV.
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v = 0
v > 0





























Fig. 2. The phase diagrams of pion condensate: Fig. 2(a) in the (µ, µI)-plane
at T = 0 (solid line), 100 MeV (dashed line), 150 MeV (dotted line). The phase
transition is the first-order everywhere; Fig. 2(b) in the (T, µI)-plane at µ = 0
(solid line), 150 MeV (dashed line), 300 MeV (dotted line). The phase transition



















Fig. 3. The pion condensate as a function of (T, µ) at µI = 100 MeV in Fig. 3(a)
and Fig. 3(b) is the phase diagrams of pion condensate in the (T, µ)-plane at
µI = 100 MeV (solid line), 200 MeV (dashed line), 300MeV (dotted line). The
phase transition is the first-order everywhere.
3) We show respectively in Figs. 3(a) and 3(b) the pion condensate as a function
of T and µ at µI = 100 MeV and its corresponding phase diagram in the (T, µ)-plane
at µI = 100, 200, 300 MeV. All lines designate the first-order phase transition, whereas
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the calculations based on the NJL model [22] indicated that a first-order phase transition,
starting from T = 0, ends at a critical point given by T = 110 MeV, µ = 220 MeV, while
the transition is the second-order at higher T and smaller µ.
II.2. Physical world ǫ = 1












This is the case when the chiral symmetry is explicitly broken and we know [26] that there
are two different ground states corresponding to µI < mpi and µI > mpi, respectively:
For µI < mpi,
〈σ〉 = u 6= 0, 〈πi〉 = 0, i = 1, 2, 3.
Accordingly, we have only one gap equation
[m2 + λ2u2]u− fpim
2






nq(T, µ) + nq(T, µ)
E
.
For µI > mpi






= v2 6= 0, 〈π3〉 = 0.
Choosing 〈π1〉 = v, 〈π2〉 = 0 the isospin symmetry is spontaneously broken and a Gold-
stone boson appears. The corresponding gap equations read




























nq(T, µ) + nq(T, µ)
E
.
Now the numerical study is first devoted to the case µI ≥ mpi, then both chiral and
pion condensates are non-vanishing. Solving simultaneously the gap equations (16) we
obtain the following results:
1) The pion condensation and the chiral restoration at T = µ = 0 are represented in
Fig. 4(a), which shows the competition between two condensates: the chiral condensate is
constant in the interval 0 ≤ µI ≤ mpi and at µI = mpi the chiral symmetry gets restored for
large µI . This behavior is in agreement with the LQCD [15,16]. Meanwhile, the charged
pions condense for µI ≥ mpi and the pion condensate increases infinitely for growing µI .
The behavior of the pion condensate in our calculation is basically in agreement with the
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one suggested in [17] at large values of µI . Of course, the unbounded growth of pion
condensate as µI increases is physically un-acceptable.
mΠ































Fig. 4. The evolutions of chiral (dashed line) and pion (solid line) condensates as
functions of µI at T = µ = 0 in Fig. 4(a) and in Fig. 4(b) the pion condensate as
a function of T at µ = 0 and µI = 192 MeV. The critical temperature Tc = 128.73
MeV. The phase transition is the first-order.
2) Various facets of the pion condensation in different regions of three parameters
µI , µ and T are displayed as follows.
a) In Fig. 5(a) we show the pion condensate as a function of T and µI at µ = 0. In
order to compare with other works let us consider the evolutions of the pion condensate
against T at µ = 0 and several µI steps and the corresponding phase diagram in the
(µI , T )-plane. They are represented respectively in Figs. 4(b) and 6(a). Fig. 4(b) indicates
that the results found here are close to the data derived from the LQCD [15] and PNJL
model [23]. Fig. 6(a) shows that, in contrast to numerical computations in the NJL model
and the chiral perturbation theory [17,18,22], the system undergoes both first and second-
order phase transitions: the line of first-order transition (solid line) ends at a tri-critical
point C (T = 128.3 MeV, µI = 181 MeV) and the line of second-order phase transition
(dashed line) extends down to T = 0, µI = mpi. This scenario of the phase transitions is in
agreement with the LQCD simulations [15] and PNJL model [23]. In Figs. 5(b) and 6(b)
are plotted respectively the pion condensate as a function of T and µI at µ = 50 MeV
and the corresponding phase diagram in the (T, µI)-plane. It results that the scenario of
the phase transition remains the same at non-vanishing µ. This statement is confirmed
by investigating the behavior of the effective potential versus v at µ = 50 MeV, Fig. 7,
where the solid line characterizing a first-order phase transition possesses two minima, the
one at origin corresponds to the restored phase and the other corresponds to the broken
phase. As T and µI decrease the barrier between two minima smears out and disappears
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(a) (b)
Fig. 5. The pion condensate as a function: Fig. 5(a) of T and µI at µ = 0 and


































Fig. 6. The phase diagram of pion condensate in the (T, µI)-plane: Fig. 6(a)
at µ = 0. There exhibit a second-order phase transition (dashed line) and a
first-order phase transition (solid line) separated by a tri-critical point C (181
MeV,128.3 MeV) and Fig. 6(b) at µ = 200 MeV. The solid line (dashed line)
denotes first-order (second-order) phase transitions. C ( 162.1 MeV, 81.8 MeV) is
the tri-critical point.
at (T, µI , T ) = (178.4, 127.8) MeV, signaling the onset of second-order phase transition
featured by a line with flattest minimum.
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Fig. 7. The behavior of effective potential versus v at µ = 50 MeV. The solid line
characterizing the first-order phase transition possesses two minima, the one at
origin corresponds to restored phase and the other corresponds to broken phase.
The barrier between two minima smears out as T decreases and disappears at
T = 114.8 MeV, a second-order phase transition appears which corresponds to
the a line with flattest minimum. The insert shows the second minimum at origin.
b) In Fig. 8(a) is shown the pion condensate as a function of µ and µI at T = 0, where
from we find the phase diagram in the (µ, µI)-plane given in Fig. 9(a) which manifests
the scenario: the line of first-order phase transition ends at a tri-critical point C and the
line of second-order transition extends down to µ = 0, µI = mpi. Qualitatively, this phase
diagram is similar to the figures 3,6 and 7 of Refs. [22,28] and [23], accordingly. At higher
values of temperature, T = 50, 100, 150 MeV, the corresponding phase diagrams in the
(µ, µI)-plane are depicted respectively in Figs. 10(a), 10(b) and 10(c). We see that starting
from T = 150 MeV the phase diagram gets a crucial change: the pion condensation turns
out to be first-order everywhere.
c) In Figs. 8(b) and 9(b) we show the pion condensate as a function of T and µ
at µI = 150 MeV (> mpi) and its phase diagram in the (T, µ)-plane at µI = 150 MeV.
The solid line (dashed line) denotes first-order (second-order) phase transition. C (T =
34 MeV, µ = 862.55 MeV) is the tri-critical point. Our phase diagram is basically similar
to Fig. 13 of Ref. [23].
3) Next let us go to the study of chiral restoration whose phenomenological issues
and possible experimental signatures were discussed by Harris and Muller [29].
a) Firstly we begin with the case µI < mpi, where the ground state corresponds
to v = 0 and u determined by the gap equation (15). In Figs. 11(a) and 11(b) we show
respectively the dependences of u/fpi as a function of µ for various values of T and function
of T for several values of µ. It is obvious that the chiral symmetry gets restored at high
baryonic density for corresponding values T and/or at high temperature for corresponding
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(a) (b)
Fig. 8. The pion condensate as a function: Fig. 8(a) of µ and µI at T = 0;




































Fig. 9. The phase diagram of pion condensate: Fig. 9(a) in the (µ, µI)-plane at
T = 0 with C (144.3 MeV, 317.7 MeV); Fig. 9(b) in the (µ, T )-plane at µI = 150
MeV with C (282 MeV, 37.7 MeV). The solid and dashed lines correspond to the
first and second-order phase transition.
values of µ. The smooth behaviors of the chiral condensate as function of temperature or
density lead several authors to believe that the phase transition is second-order [30]. As
mentioned in Ref. [31], in reality solving only the gap equation is not sufficient to decide
whether the phase transition is first or second-order. In this connection, several methods
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Fig. 10. The phase diagram of pion condensate in the (µ, µI) plane at T = 50
MeV (Fig. 10(a)), 100 MeV (Fig. 10(b)). The solid (dashed) line means first
(second)-order phase transition. C is the tri-critical point. At T = 150 MeV
(Fig. 10(c)) the second-order phase transition never occurs, only first-order phase
transition is present.
have been made use to determine the order of the chiral restoration phase transition in
NJL [32] as well as linear sigma models. From Fig. 11(b) it is easily recognized that there
exist two regions :a) for µ < 100 MeV the order parameter u is a single-valued function of T
as tending toward zero. b) for µ > 100 MeV the order parameter u becomes a multi-valued
function of T as going down. We adopt here the approach based on the consideration of
the evolution of effective potential Ω versus M . In Fig. 12(a) we show the phase diagram
of the chiral condensate in the (T, µ)-plane. The solid line corresponds to the state where
two phases coexist in the first-order phase transition. Along this line the effective potential
possesses two minima of equal depth separated by a barrier as presented in Fig. 13(a). As
the temperature increases the barrier smears out gradually and eventually disappears at
T = 100 MeV, signaling the onset of a second-order phase transition characterized by a
line with a flattest minimum. Thus, the solid line in Fig. 12(a) ends at the second-order
critical endpoint (CEP). The location of the CEP is still an open problem and has been
intensively discussed [34,35]. There is a similarity to Fig.8 of Ref. [23].
b) Now the case µI > mpi is dealt with. The ground state is determined simultane-
ously by two gap equations (16). In Fig. 15 we show the evolution of chiral condensate as
a function of T at µI = 150 MeV (Fig. 14(a)), 300 MeV (Fig. 14(b)) and several values
of µ. The chiral restoration is a smooth transition as defined in [32,33]. The evolution of
chiral condensate as a function of µ at µI = 150 MeV and several values of T is indicated
in Fig. 15(a). As is seen, u is a multi-valued function of µ for 0 < T < 100 MeV and turns
out to be single-valued for T > 100 MeV.
Applying the previous method we arrive at the phase diagram in the (T, µ)-plane at
µI = 150 MeV, Fig. 12(b). Here the solid line denotes the first-order phase transition and
CEP is the second-order critical endpoint. It is obvious that there is a qualitative agree-
ment with Fig. 13 of the PNJL calculations [23]. This result is found out by computing the
M dependence of Ω(M) at µI = 150 MeV as depicted in Fig. 13(b), where the first-order
phase transition is represented by a line involving two equal-depth minima with a barrier
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Fig. 11. The evolution of u/fpi in the region µI < mpi as a function: Fig. 11(a) of
µ, from the top to bottom the graphs correspond to T = 0, 50, 100 MeV; Fig. 11(b)
of T , from the top to bottom the graphs correspond to µ = 0, 100, 200, 220 MeV.
æ
CEP

























Fig. 12. The phase diagram of the chiral condensate in the (T, µ)-plane:
Fig. 12(a) or µI < mpi; Fig. 12(b) at µI = 150 MeV. CEP is the critical end-
point of the first-order phase transition.
in between. As T increases to T = 100 MeV the barrier disappears, signaling the onset
of a second-order phase transition featured by a line with flattest minimum. However,
at larger value of µI , say, µI = 300 MeV, the µ dependence of chiral condensate given
in Fig. 15(b) tells that no first-order phase transition occurs and the chiral restoration is
smooth transition everywhere.
Finally, we show in Figs. 16(a) and 16(b) the µI dependence of chiral condensate
at µ = 0 (Fig. 16(a)), 150 MeV (Fig. 16(b)) for several temperature steps. It is clear
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Fig. 13. The evolution of the effective potential versus the constituent mass of
quarkM : Fig. 13(a) for µI < mpi. From the top to bottom the graphs correspond
to T = 0, 50, 100 MeV and Fig. 13(b) at µI = 150 MeV. From the top the lines
correspond to T = 50, 70, 100 MeV.






















Fig. 14. The evolution of the chiral condensate as a function of T at µI = 150
MeV (Fig. 14(a)), 300 MeV (Fig. 14(b)) and µ = 0 (solid line), 50 MeV (dashed
line), 100 MeV (dotted line).
that u remains constant for µI < mpi and drops down robustly for higher µI , the chiral
symmetry gets partially restored at high isospin densities. We also show in these figures
the evolutions of pion condensate versus µI at µ = 0 (Fig. 16(a)), 150 MeV (Fig. 16(b))
for comparison. There manifests a competition between two condensates as µI increases.
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Fig. 15. The evolution of chiral condensate as a function of µ at T = 0 (solid
line) , 50 MeV (dashed line), 100 MeV (dotted line). In Fig. 15(a) at µI = 150
MeV and Fig. 15(b) at µI = 300 MeV.
































Fig. 16. The µI dependence of the chiral condensate and the pion condensate:
(a) µ = 0 and T = 0 (solid line), 100 MeV (dashed line), 120 MeV (dotted line),
(b) µ = 150 MeV and T = 0 (solid line), 70 MeV (dashed line), 100 MeV (dotted
line).
III. CONCLUSION AND DISCUSSION
In this paper the phase structure of the linear sigma model with constituent quarks
was investigated systematically and the main results are in order.
1. In the chiral limit the chiral condensate vanishes and the pion condensation is
always the first-order phase transition.
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2. In the physical world the ground state is determined by the existence of both
chiral and pion condensates for µI > mpi and the corresponding phase transitions were
found as follows.
a) The phase diagram of the pion condensate in the (T, µI)-plane at fixed µ shows
that the line of first-order phase transition ends at a tri-critical point and the line of
second-order phase transition extends down to T = 0. There is a qualitative agreement
with the existing data of LQCD [15] and PNJL model [23].
b) The LQCD [15], PNJL model [23] and our calculations yield qualitatively the
same phase diagram of the pion condensate in the (µ, µI) plane at zero temperature T :
the line of first-order phase transition ends at a tri-critical point and the line of second-
order phase transition extends down to µ = 0. Our calculations still conjectured that this
picture remains unchanged for T < 150 MeV, but at higher T the transition becomes the
first-order everywhere.
c) The phase diagram of pion condensate in the (T, µ)-plane at µI = 150 MeV,
Fig. 9(b), shows a similarity with Fig. 13 of Ref. [23].
d) The phase diagram of chiral condensate in the (T, µ)-plane for µI < mpi expresses
the fact that chiral phase transition is a first-order and ends at a second-order critical
endpoint, CEP. This statement was also suggested by the PNJL model caculations [23].
In the case µI > mpi the chiral phase transition is a first-order in the (T, µ) plane
and ends up at a CEP for µI = 150 MeV. The PNJL model also provided an analogous
finding, Fig. 8 of Ref. [23]. Meanwhile, for µI around 300 MeV no first-order chiral phase
transition emerges and the chiral restoration is a smooth transition everywhere.
e) The evolutions of both chiral and pion condensates as a functions of µI at van-
ishing and non-vanishing values of µ and T manifest clearly the competition between two
condensates as µI grow up.
What we presented above indicates that the linear sigma model is not expected
to generate results which are in qualitative as well as quantitative agreement with those
calculated by QCD since it preserves only the chiral-symmetry breaking mechanism of
QCD. In addition, it is known that beside the phase transition related to chiral and
pion condensates the QCD phase structure also involves the condensations of di-quarks
and heavy mesons like ω, ρ and so on. In this respect, the linear sigma model would be
extended to include di-quarks and heavy mesons, on the one hand, and to describe both
mechanisms of QCD, chiral symmetry breaking and confinement, on the other hand. This
is the Polyakov - loop extended linear sigma model. Perhaps, it is the better candidate
for exploring successfully many physical properties of strongly interacting matter under
extreme conditions.
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